Dynamic clustering associated with self-assembly in many complex fluids can qualitatively alter the shape of phase boundaries and produce large changes in the scale of critical fluctuations that are difficult to comprehend within the existing framework of theories of critical phenomena for nonassociating fluids. In order to elucidate the scattering and critical properties of associating fluids, we consider several models of equilibrium polymerization that describe widely occurring types of associating fluids at equilibrium and that exhibit the well defined cluster geometry of linear polymer chains. Specifically, a Flory-Huggins-type lattice theory is used, in conjunction with the random phase approximation, to compute the correlation length amplitude o and the Ginzburg number Gi corresponding, respectively, to the scale of composition fluctuations and to a parameter characterizing the temperature range over which Ising critical behavior is exhibited. Our calculations indicate that upon increasing the interparticle association energy, the polymer chains become increasingly long in the vicinity of the critical point, leading naturally to a more asymmetric phase boundary. This increase in the average degree of polymerization implies, in turn, a larger o and a drastically reduced width of the critical region ͑as measured by Gi͒. We thus obtain insight into the common appearance of asymmetric phase boundaries in a wide range of "complex" fluids and into the observation of apparent mean field critical behavior even rather close to the critical point.
I. INTRODUCTION
While the theory of phase separation in "simple," nonassociating fluids has reached an advanced state and successfully explains the critical properties of these systems, [1] [2] [3] [4] [5] [6] [7] our understanding of the critical behavior of many "complex" fluids encountered in everyday practice is still rather limited. The literature is full of reports of "deviations" from ordinary critical behavior, especially in ionic fluids ͑ranging from colloidal, ionomer, and polyelectrolyte solutions to proteins, viruses, and DNA͒, [8] [9] [10] [11] [12] [13] [14] [15] [16] micelle forming liquids, 17 and other fluids exhibiting interparticle association. The latter systems are being increasingly subjected to quantitative investigation because of their importance for understanding fundamental biological processes involving protein aggregation and selfassembly and because of their many practical applications in commercial formulations of consumer products and in material processing.
In contrast to simple or nonassociating liquids, associating fluids commonly exhibit highly asymmetric phase boundaries, and, correspondingly, coexisting phases having disparate volumes ͑or compositions͒. 9, 16, 18, 19 Indeed, the shapes of the phase boundaries in complex fluids are often reported to resemble those of polymer solutions. 15, [19] [20] [21] Numerous studies have also indicated apparent mean-field critical exponents for these fluids for temperature ranges where simple fluids would exhibit Ising-type critical behavior. [8] [9] [10] [11] [12] [13] [14] [15] [16] However, increasingly refined measurements demonstrate that these associating fluids display Ising critical behavior at temperatures very close to the critical point, indicating that the width of the nonclassical critical region is actually much smaller than for simple fluids. [22] [23] [24] [25] [26] As frequently noted, the critical exponents switch sharply between their mean-field and Ising values in the narrow critical regime of these complex fluids, 9, 11, 22, 27 a feature also characteristic of the critical behavior of polymer solutions. 28, 29 Recent simulations 30 provide insight into the physical origins of the critical properties of these complex fluids, although the theory of these systems remains relatively undeveloped. For example, simulations for an electrically neutral fluid of charged hard spheres ͑the "restricted primitive model"͒ indicate that ion pairs form large scale dynamic polymeric structures at equilibrium and that ion pairing and subsequent polymerization of dipolar clusters strongly affect the critical properties of these fluids. 30 The presence of these dynamic clusters has long been suggested based on indirect experimental observations. 30 Simulations reveal that both charge valence and particle size asymmetries influence the character of the clustering ͑linear chains versus branched polymers͒ and that the tendency to form transient polymer structures is quite general in charged fluids. 31 The nature of the clustering apparently simplifies when there is a large asymmetry in the ion sizes, and linear polymer chain clusters are highly prevalent in this limit. 32 Clustering also occurs, of course, in dipolar fluids where the dipolar particles exhibit a strong propensity to form chains at equilibrium with headto-tail configurations. 33 These observations suggest that the critical properties of many associating fluids should resemble those for polymer solutions. [19] [20] [21] Once the prevalance for polymerization in these fluids is recognized, the differences in the width of the critical region and in the size of the critical fluctuations between complex and simple fluids become almost obvious. Our goal then lies in developing a theoretical description of this ubiquitous clustering phenomenon and of its impact on the critical and scattering properties of complex fluids.
We have recently shown that many thermodynamic properties ͑critical temperature, critical composition, osmotic compressibility, 34 etc.͒ of dipolar fluids can be quantitatively described by using a simple Flory-Huggins ͑FH͒ model of equilibrium polymerization. 32, [35] [36] [37] Dipolar fluids are prototypical associating fluids, and their successful description by a FH-type approach represents a promising start for developing a general theory of associating fluids. However, this theory has not been developed to provide a complete description of critical properties, such as the correlation length or the width of the critical region and other basic critical properties that are helpful in comprehending the critical behavior of these associating fluids. The mean-field nature of this modeling is also an intrinsic limitation.
The present paper directly addresses itself to the problem of calculating the scattering properties of equilibrium polymer solutions, but our treatment is still limited to mean-field theory. Despite this restriction, we are able to compute the Ginzburg number ͑Gi͒ which delineates the size of the critical region for phase separation in solutions of polydisperse clusters that are generated by equilibrium polymerization. The calculations are performed for several models of equilibrium polymerization that exhibit different constraints on the polymerization process. These constraints regulate the degree of polymerization at low temperatures and the breadth of the polymerization transition, 38 and their influence on the criticality of these associating liquids is the subject of the present paper.
The analysis begins with the free association ͑FA͒ polymerization model in which every particle ͑monomer͒ can promiscuously associate with any other particle without any condition other than physical proximity. We then analyze the case where polymerization is initiated by a thermally activated process ͑A model͒ that has a relatively low probability. The small equilibrium constant for activation acts as a constraint on further polymerization and leads to a much sharper polymerization transition as a function of temperature since there are fewer activated species competing for available monomer "mates." This thermal activation constraint is also found to produce substantial changes in the critical properties of this class of associating fluids, as discussed below. The polymerization equilibrium can likewise be modulated by the introduction of a chemical initiator ͑the I or "living polymerization" model͒, [38] [39] [40] [41] which plays a role similar to that of thermally activated species. Since thermal activation and chemical initiation similarly affect the critical properties of equilibrium polymers, we restrict the discussion below to the illustrative case of the A model. The case of a large activation equilibrium constant is not considered since this case leads to fairly short chains 38 and, thus, the critical properties of these fluids are only slightly perturbed compared to simple liquids. Our initial representative calculations focus on systems for which the extent of polymerization becomes appreciable to emphasize the qualitative consequences of strong association on critical properties.
Another important factor analyzed in our calculations is the impact of chain stiffness on the critical properties of equilibiurm polymerization solutions. Chain rigidity influences the critical behavior of ordinary polymer solutions and must likewise affect the critical behavior of fluids undergoing equilibrium polymerization. Much of our discussion is confined to Gaussian and wormlike polymer chain models as extreme limits. The computation of Gi and the correlation length amplitude for these model associating polymer solutions requires the evaluation of the square gradient coefficient that describes the interfacial free energy cost of creating inhomogeneties in the polydisperse polymer solutions.
Section II briefly reviews the essential thermodynamic characteristics of models of equilibrium polymerization, focusing on quantities closely related to the critical properties of associating solutions. Section III describes the theoretical background for the basic scattering quantities that are required for computing the Ginzburg number. Illustrative calculations of the phase boundaries and the influence of association on both critical and scattering properties, as well as on the Ginzburg number, are summarized in Sec. IV.
II. FLORY-HUGGINS THEORY OF EQUILIBRIUM POLYMERIZATION
Our recent papers [38] [39] [40] [41] develop a comprehensive theory of equilibrium polymerization. The theory describes the basic thermodynamic and critical properties of polydisperse polymer solutions, the competition between polymerization and phase separation, and the characteristic rounding for this type of thermodynamic clustering transition. The properties treated include the average chain length L, extent of polymerization ⌽, Helmholtz free energy F, configurational entropy S, specific heat C V , polymerization transition temperature T p , osmotic pressure ⌸, second and third virial coefficients A 2 and A 3 , and the critical temperature T c and critical composition c for phase separation. This systematic treatment has been derived for three general models of association: a model with unrestricted equilibrium polymerization in which all particles can associate democratically at equilibrium ͑termed the FA model͒, a model in which the particles must become thermodynamically activated to initiate polymerization ͑A model͒, and finally a model in which chain growth is induced by a chemical initiator ͑I model͒. 38 This basic classification scheme for equilibrium polymerization follows that introduced long ago by Tobolsky and Eisenberg 42 and encompasses the main classes of equilibrium polymerization encountered in practice.
The present paper extends our theory to the description of the scattering and critical properties of equilibrium polymerization systems by considering quantities such as the structure factor S͑q͒, correlation length amplitude o , width of the critical regime, Ginzburg number Gi, etc. We briefly review those main theoretical results for the FA and A models that are required in developing the present extension of the theory for the critical behavior of associating fluids.
A. Free asociation model
The FA system is composed of n s solvent molecules and n 1 o monomers of species M that can "freely associate" with polymers once the free energy for this process is negative. The resulting polymers form and disintegrate in dynamic equilibrium. Chain growth may proceed either by the addition of a single monomer or by the linkage of two chains. Chains may break in the middle, or segments may dissociate from the chain ends. These two modes of polymerization and depolymerization can be represented by the single kinetic equation
The constant volume system is described using the standard Flory-Huggins lattice model in which single site occupancy constraints apply to solvent molecules and to all monomers ͑unreacted monomers and those present in polymers͒. The total number N l of lattice sites is expressed in terms of the numbers ͕n i ͖ of molecules of the individual species M i as
reflects the underlying assumptions of incompressibility and equal volumes for solvent molecules and for monomers of the associating species, assumptions recently lifted in a theory for the pressure dependence of equilibrium polymerization. 43 Equation ͑2͒ can be converted to the alternative form of the mass conservation condition,
that relates the volume fractions ͕ i = in i / N l ͖ of the polymer species ͕M i ͖ to the volume fraction 1 o of monomers before polymerization. 44 The equilibrium constant K p for the polymerization reaction in Eq. ͑1͒ is assumed to be same for all j and k and, thus, is expressed in terms of a single free energy ⌬f p of polymerization as K p = exp͑−⌬f p / k B T͒, with k B designating Boltzmann's constant and T being the absolute temperature. For simplicity, all monomers are assumed to interact identically with the solvent molecules, regardless of whether they are unpolymerized ͑M 1 ͒ or belong to polymerized species M i ͑i ജ 2͒, which, in turn, implies the presence of a single monomer-solvent interaction parameter .
Under the above assumptions, the equilibrium distribution of the volume fractions ͕ i ͖ is solely dictated by the initial monomer concentration 1 o , the temperature T, and the energy ⌬h p and entropy ⌬s p of polymerization,
where the coefficient ␣ equals ͑z −1͒ and 1 for fully flexible and stiff chains, respectively. 38, 45 Substituting Eq. ͑4͒ into Eq. ͑3͒ and performing all summations ͑with the constraint 0 Ͻ A Ͻ 1͒ yield the relation between 1 o and 1 ,
where the quantity A ϵ A͑ 1 o , T͒ is determined numerically from Eq. ͑5͒ for given T, 1 o , ⌬h p , and ⌬s p . The extent of polymerization ⌽ ͑the fraction of monomers converted into polymers͒ and the average chain length L are basic properties of equilibrium polymerization solutions and are likewise functions of T, 1 o , ⌬h p , and ⌬s p through
A plot of ⌽͑T͒ versus T exhibits an inflection point, and the temperature T ⌽ at which the derivative ‫ץ‬ 2 ⌽ / ͉‫ץ‬T 2 ͉ 1 o vanishes is often identified by experimentalists with the polymerization transition temperature T p . The variation of T p with 1 o is termed the "polymerization transition line" and provides a rough criterion for delineating the thermodynamic boundary between polymer rich and monomer rich states. This interpretation is less adequate for the FA model where the polymerization transition is broad. The temperature T ⌽ is generally distinct 38 from T p where the specific heat has a maximum. Both of these temperatures provide valuable information about the polymerization transition, and the gap between these temperatures represents a measure of how much the transition is rounded. 41 The Helmholtz free energy F is the basic thermodynamic property of the system, and in contrast to ͕ i ͖, ⌽, and L, F also depends on the strength ⑀ FH of the effective monomersolvent interactions,
where the dimensionless monomer-solvent Flory-Huggins interaction parameter = ⑀ FH / T arises within FH theory as a purely energetic quantity that is inversely proportional to temperature. 46 The osmotic pressure ⌸ of the associating solution is evaluated from the Helmholtz free energy F as
with cell = V / N l being the volume associated with a single lattice site.
The condition for the existence of a stable homogeneous phase is given by the simple form
while the vanishing of the second derivative of F with respect to 1 o defines the constant volume spinodal curves T = T͑ 1 o ͒ as the solution of the equation
where again the quantity A ϵ A͑ 1 o , T͒ emerges from the solution to Eq. ͑5͒.
An extremum of the spinodal curve identifies the critical temperature T c and critical composition c ϵ͑ 1 o ͒ c . Knowledge of these critical parameters, in conjunction with Eq. ͑9͒, enables calculating the ͑mean-field͒ critical osmotic compressibility factor Z c = ⌸ c a 3 / ͑k B T c c ͒, another important thermodynamic quantity for solutions of associating species.
B. Activated equilibrium polymerization
The simplest model of activated polymerization is described by the reaction scheme,
where the activated species M 1 * reacts only with nonactivated monomers M 1 to form dimers, but does not participate in the succesive chain propagation processes. An alternative model, in which dimers are formed by linking two activated monomers M 1 * and chain growth occurs exclusively through the addition of M 1 * to the resulting polymers, is mathematically isomorphic 38 to that described by Eqs. ͑11͒-͑13͒. The simplest model of Eqs. ͑11͒-͑13͒ is further specified by designating ⌬f a = ⌬h a − T⌬s a and ⌬f p = ⌬h p − T⌬s p as the free energies of activation and polymerization, respectively. In order to minimize the number of parameters, both the enthalpies ⌬h p and entropies ⌬s p associated with dimer formation ͓Eq. ͑12͔͒ and with the propagation process ͓Eq. ͑13͔͒, respectively, are taken as identical. As for the FA model, all monomers ͑unpolymerized and those in polymers͒ are treated as interacting identically with the solvent.
The distribution of volume fractions
formally resembles that derived for the FA model ͓see Eq. ͑5͔͒, except for the appearance of the volume fraction 1 * of the activated monomers,
While the quantity A in Eq. ͑14͒ is defined as in Eq. ͑4͒, the prefactor C in Eq. ͑14͒ departs from its definition in Eq. ͑4͒ for the FA model by the presence of the equilibrium constant K a for activation. This formal identity between Eqs. ͑4͒ and ͑14͒ does not imply, however, that A and ͕ i ͖ have similar values for these two models since the mass conservation constraint for the activated association model,
contains an extra term 1 * = 1 K a that is absent in Eq. ͑5͒. The definitions of the extent of polymerization ⌽ and the average degree of polymerization L explicitly include the presence of activated monomers,
but the right hand sides of Eqs. ͑16͒ and ͑17͒ are formally the same as those in Eqs. ͑6͒ and ͑7͒, respectively. A more detailed analysis of Eqs. ͑16͒ and ͑17͒ reveals that that both ⌽ and L are no longer generally monotonic functions of temperature when an activated process is present. 38 The Helmholtz free energy of the system can be converted into a form that does not explicitly contain the volume fraction 1 * and that is formally identical to Eq. ͑8͒,
Short range van der Waals interactions are represented in Eq. ͑18͒ ͓as in Eq. ͑8͔͒ by a single interaction parameter that describes the average effective interactions between the solvent and monomers of the associating species M. The formally identical expressions for the free energy F for the FA and A models imply a common expression for the osmotic pressure ͓see Eq. ͑9͔͒,
and for the spinodal stability condition ͓see Eq. ͑10͔͒,
As already mentioned, this commonality does not lead to the same values of ⌸, T c , c , etc., in these two models due to the different mass conservation equations determining A.
III. CRITICAL PROPERTIES OF EQUILIBRIUM POLYMER SOLUTIONS
The formal expansion of the specific Helmholtz free energy f = F / N l around the critical point for a homogeneous equilibrium polymerization solution,
is derived 48 assuming that f is an analytic function of the order parameter ϵ − c ͓defined as the difference between the actual composition ϵ 1 o and the critical composition c ϵ͑ 1 o ͒ c ͔ and of the reduced temperature ϵ͑T − T c ͒ / T. The coefficients a 10 , a 21 , a 31 , and a 40 in Eq. ͑19͒ are derivatives of the specific Helmholtz free energy, evaluated at the critical point ͑i.e., at = c and T = T c ͒,
and f c is the specific free energy f of Eq. ͑8͒ ͓or Eq. ͑18͔͒ at the critical point, i.e., f c ϵ f͑
Contributions from fluctuations of the order parameter are appended to Eq. ͑19͒ by the addition of a square gradient term, 2 which transforms Eq. ͑19͒ into the free energy expansion,
where the order parameter ϵ ͑r͒ now is spatially varying and the square gradient coefficient is evaluated at the critical point, i.e., c = ͑ = c , T = T c ͒.
A. Basic scattering properties
We next discuss basic relations describing the long wavelength scattering properties of equilibrium polymerization solutions. The coefficient , whose evaluation for polydisperse polymer solutions is described in Sec. III C, is determined from the expansion of the structure factor S͑q͒ in the small angle limit of q =0,
Moreover, is related to the static correlation length , which is defined through the Ornstein-Zernicke equation
The mean field static correlation length scales with the reduced temperature according to the ͑mean field͒ defining relation,
and the correlation length amplitude o is independent of temperature. The mean field sum rule 2 ϳ S͑0͒ in Eq. ͑27͒ implies that o controls both the intensity ͓S͑0͔͒ and the scale ͑͒ of composition fluctuations. 48 More generally, scales as ϳ͉͉ − with = 0.630 in the Ising critical regime. The long wavelength limiting structure factor S͑0͒ is proportional to the isothermal osmotic compressibility ͑1/ 1 o ‫ץ͑͒‬ 1 o / ‫ץ‬⌸͒ and near the critical point scales with as
where ⌫ c ϵ ⌫͑ c ͒ =1/͉a͉ plays the role of the critical amplitude for S͑0͒ ͓with a given by Eq. ͑20͔͒ and where ␥ = 1 and 1.239 for the mean field and three-dimensional ͑3D͒ Ising critical behaviors, 5, 6 respectively. Combining Eqs. ͑27͒-͑29͒ yields the "sum rule" relating , o , and ⌫ within a meanfield approximation,
B. Ginzburg number
The temperature ranges over which mean field and Isingtype critical behaviors apply are expressed in terms of the Ginzburg number Gi. 1 This quantity provides an estimate of the magnitude of the reduced temperature at which the crossover from mean field to Ising-type behaviors occurs. Importantly, Gi can be obtained from mean field theory through a direct determination of the condition that the fluctuation contribution to the long wavelength scattering scattering factor S͑0͒ is comparable to the mean field contribution. We have introduced 48 a refined Ginzburg criterion that distinguishes three temperature ranges, the mean field and Ising scaling regimes, as well as an intermediate "crossover regime" of criticality that separates the first two. Specifically, our previous analysis 48 indicates that mean field theory holds for ജ 10 Gi, while Ising critical behavior corresponds to ഛ Gi/ 10. The range Gi/ 10Ͻ Ͻ 10 Gi describes the crossover regime, so that Ӎ Gi lies in the middle of this reduced temperature range. The Ginzburg number Gi for a fluid un-dergoing an equilibrium polymerization is expressed as 48 
Gi
where the coefficients a and b are given by Eqs. ͑19͒ and ͑20͒, respectively, and c * ϵ c / a cell 2 is the dimensionless square gradient coefficient / a cell 2 evaluated at the critical point, with a cell being the lattice constant. The Ginzburg number Gi can be presented alternatively as
where o,c * ϵ o,c / a cell is the dimensionless correlation length amplitude o / a cell evaluated at the critical composition c . Section III C describes the estimation of c * for an equilibrium polymerization solution.
C. Square gradient coefficient
According to the random phase approximation ͑RPA͒ theory, 49 the structure factor S͑q͒ for an incompressible solution of monodisperse polymer species in a ͑structured͒ solvent is given by
where is the volume fraction of polymers, i designates the polymerization index ͑i.e., the number of monomers in a single chain͒, P i ͑q͒ and P s ͑q͒ are the form factors for a single polymer chain and a solvent molecule, respectively, and ͑q͒ is a linear combination of the Fourier transforms c ␣␤ ͑q͒ of the direct correlation functions c ␣␤ ͑r͒. 50 Notice that Eq. ͑33͒ describes a system in which a solvent molecule and individual monomer of a polymer chain have the same volumes ͑and thus occupy single lattice sites in the lattice model͒. This simplifying assumption can readily be lifted, but is invoked only to keep the number of parameters to a minimum.
The extension of Eq. ͑33͒ to a solution of polydisperse polymer chains in a ͑structured͒ solvent involves introducing a summation in the denominator of the first term on the right hand side of Eq. ͑33͒ over all sizes i of the equilibrium polymers. 49 The resulting generalized RPA expression for S͑q͒ emerges as
where P i ͑q͒ now denotes the structure factor for an individual i-mer, i is its volume fraction, and where the shorthand notation ϵ 1 o = 1 * + ͚ i ϱ i is employed. ͓The thermodynamic q → 0 limit of Eq. ͑34͒ has been discussed previously by Stockmayer. 34 ͔ The form factors P i ͑q͒ and P s ͑q͒ of Eq. ͑34͒ are related to the corresponding radii of gyration R g,i and R g,s of a polymer and a solvent molecule, respectively, through the well-known long wavelength limit expressions
and
Equations ͑35͒ and ͑36͒ are valid for arbitrary shaped objects and, thus, apply to polymers as well as solvent molecules and monomer species. Since the square gradient coefficient is defined as the coefficient of the q 2 term in the expansion,
we combine Eqs. ͑34͒-͑37͒ to obtain an explicit expression for , * ϵ
where the sum over i includes the activated monomers ͑if they are present in the system͒. Reduced variables are used in Eq. ͑38͒ for both and the radii of gyration of all scattering species and are defined in terms of the lattice cell dimension a cell which is specified below. While the estimation of R g,i for polymer chains ͑i ജ 2͒ can be performed following standard methods, the determination of the monomer R g,i=1 and solvent molecule R g,s requires special consideration.
To evaluate R g,i=1 and R g,s , we consider a reference monomer-solvent mixture in which monomers are not polymerized. The structure factor S͑q͒ for this system is also described by the Ornstein-Zernicke relation
For an athermal ͑ =0͒ mixture, S͑q͒ scales as
where R g denotes the radius of gyration for the monomeric scattering species. The mean field Eq. ͑40͒ is valid only when both the scattering species components have the same volumes and shapes. The correspondence of Eqs. ͑39͒ and ͑40͒ under athermal condition ͓i.e., far from the critical point where c = o,c ; see Eq. ͑28͔͒ implies the identification of the square of the correlation length amplitude o,c with ͑1/3͒R g 2 for this unpolymerized system. The quantity o,c reflects a minimum cutoff scale for composition fluctuations, and we therefore define this parameter as the basic unit of length in our lattice model. Taking o,c = a cell leads to the simple dimensionless estimate for the radii of gyration of monomers and solvent molecules,
͑41͒
The determination of the radii of gyration ͕R g,iജ2 ͖ for polymer chains ͑i ജ 2͒ requires the adoption of a model for the chain conformational statistics. According to the ideal Gaussian chain model, the radius of gyration is simply proportional to the product of the Kuhn length l K and the square root of the polymerization index i,
A reasonable estimate of the Kuhn length l K * ,
͑43͒
can be obtained from the assumption that l K represents the approximate center-to-center distance between two touching ͑spherical͒ monomers bonded to each other in the polymer chain. Note that the Gaussian chain approximation of Eq. ͑42͒ underestimates R g,i for relatively short random flight chains.
The substitution of Eqs. ͑41͒-͑43͒ into Eq. ͑38͒ simplifies the latter to the rather compact form
where the sums s 0 and s 1 ,
are evaluated by using Eq. ͑5͒ of Sec. II. Equations ͑44͒-͑46͒ apply to both the FA and A models of equilibrium polymerization. In the former case, the concentation 1 * of the activated monomers or the equilibrium constant K a for the activation process is set to zero in Eqs. ͑44͒ and ͑45͒. The value c * of * at the critical point is obtained from Eq. ͑44͒ by setting 1 = 1,c , 1 * = 1,c * , = c , and
where the subcripts c on 1 , 1 * , , and T indicate that these quantities are evaluated at the critical point.
The radius of gyration for the wormlike chain model is a more complicated function of the persistence length 1 / ͑2͒ and the bond length l b , and the counterpart of Eq. ͑44͒ is derived in Appendix A for this model.
Andrews et al. 51 have previously applied the RPA theory to describe scattering properties of living polymer solutions within the context of an n → 0 spin polymer-magnet analogy that corresponds to the I model of equilibrium polymerization. [38] [39] [40] [41] These computations compare reasonably well to experiments for living poly͑␣-methylstyrene͒ in a good solvent ͑deuterated tetrahydrofuran͒, but critical fluctuation effects associated with phase separation are not emphasized in this work. In particular, Andrews et al. 51 do not expand the free energy about the critical point as in our Eq. ͑19͒ and do not consider the critical properties relating to phase separation. They focus instead on good solvent regime where the primary contribution to the wave vector ͑q͒ dependence of the scattering arises from the polymers alone. Andrews et al. 51 also study the screening of excluded volume interactions that naturally arise in such good solvents. These excluded volume screening effects cannot be described by mean field theory and involve a different type of fluctuation effects ͑polymer excluded volume͒ than the kind encountered in phase separation. Although the calculations of Andrews et al. are based on an abstract polymer-magnet analogy that is sometimes difficult for us to follow, we have shown elsewhere that S͑0͒ from this formalism essentially coincides with our mean field theory approximation for S͑0͒. 41 On the other hand, we find their lengthy RPA expression for the correlation length ͑T͒ rather difficult to understand since their expression exhibits no explicitly identifiable relation to the radii of gyration of the assembling polymer chains nor to the size distribution of the chains. Clearly these quantities must be explicitly described to treat chain flexibility, e.g., the wormlike chain model.
D. Ginzburg number for monomer-solvent reference system
The reference system for the current analysis of equilibrium polymerization solutions is chosen as the monomersolvent mixture in which the monomers do not polymerize, but still interact with solvent molecules through the effective interaction energy ⑀ FH . Equation ͑32͒ for the Ginzburg number for this system may be written as
and involves the correlation length amplitude o,c and the thermodynamic derivatives a and b defined by Eqs. ͑21͒ and ͑23͒, respectively, for the unpolymerized system. These derivatives are readily evaluted within the FH theory as
where the conditions for the critical composition c and critical temperature T c , i.e., c = 0.5 and T c = ͑1/2͒⑀ FH , have been utilized. Interestingly, the derivative a coincides with the mean-field estimate of the ratio of the theta temeperature to the critical temperature for a monomer-solvent system. The remaining quantity o,c * of Eq. ͑48͒ is already known through the identification of o,c with the lattice constant a cell .
The square gradient coefficient c for the reference system can be determined as a special limit of Eq. ͑38͒, 52 Our estimate of the reduced temperature ϵ͑T − T c ͒ / T c range over which Ising-type scaling is exhibited ͓Gi/ 10ϳ O͑0.001͔͒ also agrees with typical values cited for nonquantum small molecule fluids.
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E. Quartic coupling constant b
Equation ͑32͒ indicates that Gi, and thus the width of the critical region in which Ising critical behavior is exhibited, depends on three physical quantities: the parameters ⌫ c and c,o that characterize the amplitude and the spatial scale of composition fluctuations, respectively, and the quartic coupling constant b from the expansion of the free energy density ͓see Eq. ͑23͔͒. The first two quantities have an obvious physical interpretation, but b evidently is a more abstract quantity whose variation with particle association is difficult to understand intuitively. A general expression for b in terms of molecular parameters would provide a powerful tool for estimating the width of the critical region for complex fluids since ⌫ c and o,c * may be determined from measurements or simulations.
A fluid undergoing equilibrium polymerization with a strongly directional association enthalpy ⌬h p can basically be considered to be a polydisperse polymer solution. ͑Cer-tainly, a snapshot of such a fluid would give this appearance at any point in time.͒ This viewpoint suggests that it might be possible to estimate b from the Flory-Huggins theory of monodisperse polymer solutions in which the polymers are permanent rather than dynamic. This FH estimate of b is designated as b FH and is compared below with the b evaluated from our equilibrium polymerization theory to gain insights into the qualitative meaning of b.
The FH expression for b is obtained by combining the definition of b from Eq. ͑23͒ with the FH relations for the free energy and the critical composition of monodisperse polymer solutions,
where N denotes the polymerization index. For long polymer chains ͑N → ϱ͒, b FH scales as b FH ϳ N 1/2 , so that b is expected to increase as a power law of the average degree of polymerization L when particle association is prevalent. The relation betwen b and L at the critical point ͑L c ͒ is examined in the next section. Table I summarizes other critical properties of monodisperse polymer solutions that are useful in our comparative analysis below.
IV. ILLUSTRATIVE CALCULATIONS OF THE CRITICAL AND SCATTERING PROPERTIES
As already mentioned, the free association and thermal activation models involve different numbers of free energy parameters that control the assembly process. While the simpler FA model is described in terms of the enthalpy ⌬h p and entropy ⌬s p of polymerization, the specification of the A model also requires including the free energy parameters ͑the enthalpy ⌬h a and entropy ⌬s a ͒ for monomer activation. In addition to depending on these polymerization parameters, the specific thermodynamic properties depend on temperature T, the initial monomer concentration 1 o , and the van der Waals interaction ⑀ FH .
Calculations in the present paper are performed using the representative values ⌬h p = −35 kJ/ mol and ⌬s p =−92 J/͑mol K͒ which are comparable to those determined in previous experimental studies of living polymerization in poly͑␣-methylstyrene͒ solutions. 55, 56 The polymerization temperature T ⌽ ͑inflection point in ⌽ as a function of temperature͒ estimated employing these free energy parameters is typically not far above room temperature, and similar order of magnitudes for ⌬h p and ⌬s p have been quoted for other model fluids exhibiting equilibrium polymerization. [55] [56] [57] The lattice coordination number z is taken as z =6 ͑appropriate to a three-dimensional cubic lattice͒, and the effective interaction energy ⑀ FH is selected as ⑀ FH / k B = 302 K, again following the choice employed in earlier papers. [38] [39] [40] [41] The additional free energy parameters for the activation model A are specified relative to those adopted for 
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the corresponding polymerization parameters through the reduced free energy parameters ϵ ⌬h a / ⌬h p and ϵ ⌬s a / ⌬s p . Taking = 0 and =1 ͑with restricted to unity͒ corresponds, respectively, to the low and high activation models discussed previously 38 in which the equilibrium constant K a for activation, respectively, is low ͑K a = 1.67 ϫ 10 −5 ͒ and independent of temperature for = 0 and is high for Ӎ 1.
A small K a implies low and relatively high concentrations of activated and nonactivated monomers, respectively, at the transition temperature. Within the reaction scheme defined by Eqs. ͑11͒-͑13͒ for the A model, the activated species M 1 * reacts only with unactivated monomers M 1 to form dimers, but M 1 * does not participate in the futher propagation steps. Chain growth is taken as occurring exclusively through the addition of M 1 to existing polymers M i ͑i ജ 2͒. Thus, the resulting degree of polymerization in the fully polymerized state is relatively high for the low activation model. In contrast, the high activation model ͑ =1͒ is characterized by an equilibrium constant K a ͑T p ͒ at the polymerization temperature T p that is greater than unity, which implies that almost all monomers become converted into the activated state, so that chain growth cannot proceed further due to the low concentration of the unactivated M 1 species. Consequently, the degree of polymerization is limited, and the polymerization process does not significantly affect the critical behavior of associating solutions for the high activation model.
The relative magnitude of K a is not the only factor that governs the critical parameters in the A͑ , ͒ model, how-
ever. An interesting feature of this model for = 1 is that the critical composition c becomes insensitive to the magnitude of ⌬h p in the limit of large ⌬h p . Specifically, c saturates to a constant whose value generally depends only on the ratio of the entropies of activation and polymerization. When = 1, the critical composition c is close to 1 / 2, but it decreases towards zero as becomes larger. Consequently, the entropy ratio in the A͑ =1,͒ model regulates the average chain length at low temperatures and hence plays a role similar to the initiator concentration in living polymerization systems. 39 As shown below, this strong dependence of the polymerization process on provides a powerful means to control the polymerization index of self-assembled polymers within the A͑ =1,͒ model. While the calculations of critical parameters are presented for both the A 1 ϵ A͑ =1,͒ and A 0 ϵ A͑ =0,͒ activation models for brevity, the computational analysis for the variation of the Ginzburg number with the associating interaction ⌬h p is limited to the A 0 model since this model suffices to exemplify the more interesting general behavior that ensues when the average degree of polymerization is large near the critical point.
A. Basic critical parameters "T c , c , and L c …
The critical scattering properties of equilibrium polymer solutions depend on the critical temperature T c , critical composition c , and other basic critical properties of these solutions ͑e.g., the average degree of polymerization L c at the critical point for phase separation͒. Many of these basic critical properties have been examined in our recent papers [38] [39] [40] [41] in order to uncover identifying characteristics of particular polymerization models that might be helpful in the interpretation of experimental data. This section includes a brief review of those critical properties necessary for the analysis of scattering properties and Gi and for comparisons with properties of ionic fluids. The calculations illustrate the basic nature of phase boundaries that occur in these fluids, the relation of these phase boundaries to the transition lines describing the polymerization transition, and the dependence of critical properties ͑T c , c , and L c ͒ on the relative strength h ⑀ of the directional association interaction and the van der Waals interaction through the dimensionless quantity h ⑀ ϵ͑⌬h p / R͒ / ⑀ FH ͑where R is the gas constant͒.
The spinodal curves are directly calculated from Eq. ͑10͒ and the critical temperatures, and critical compositions can then be determined from the extrema in the spinodals. 38, 40 Since our previous studies 40 of the competition between phase separation and equilibrium polymerization emphasize living polymerization systems with a low concentration of initiator, we focus here instead on the critical properties of the rather different classes of associating fluids exhibiting activated polymerization or free association. Figure 1 presents examples of spinodal curves T = T͑ 1 o ͒ calculated for a family of freely associating polymer solutions that are specified by different values of h ⑀ . As the dimensionless sticking energy h ⑀ is increased, the polymers become progressively longer at the critical point. Polymerization has little effect on the shape of the phase boundary when h ⑀ is small, but the phase boundary progressively resembles that for a high molar mass polymer solution as h ⑀ is increased. The temperature scale in Fig. 1 is normalized by the critical temperature T c ͑h ⑀ =0͒ of the system in the absence of polymerization in o / c , where T c and c denote the critical parameters for the system with interaction h ⑀ . The dashed curves are extrapolations to the higher composition regime where numerical instabilities make the determination of the spinodal curves difficult.
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Lattice model of equilibrium polymerization. V J. Chem. Phys. 124, 144906 ͑2006͒ order to visualize better the influence of h ⑀ on T c . Association clearly makes the fluid less miscible, i.e., leads to a higher T c . In the limit h ⑀ → ϱ, the ratio of critical temperatures T c ͑h ⑀ ͒ / T c ͑h ⑀ =0͒ approaches 4, which equals the ratio of the theta temperature T ͑h ⑀ =0͒ ͑at which the monomer-solvent second virial coefficient vanishes͒ to the critical temperature T c ͑h ⑀ =0͒ of the monomer-solvent mixture. 58 The constraint that the critical temperature T c of a polymer solution must be less than the theta temperature T for the monomer-solvent system ultimately limits how much T c ͑h ⑀ ͒ can be altered by particle association, and this saturation effect is apparent in Fig. 1 . However, when ⑀ FH and ⌬h p are coupled through a dependence on another molecular parameters, as in the Stockmayer fluid ͑SF͒, the ratio T c ͑h ⑀ ͒ / T c ͑h ⑀ =0͒ can exceed the limiting value shown in Fig. 1.   35 
B. Some considerations relevant to experimental observations
An interesting question at this juncture is how much the predicted phase boundaries resemble those of real associating fluids, such as the ionic and polar fluids mentioned in the Introduction. To make qualitative contact with experimental data for these systems, the spinodals in Fig. 1 are reexpressed in terms of the reduced concentration variable 1 o / c employed in comparative studies of associating fluids ranging from simple fluids ͑e.g., argon͒ to fluorocarbon, metallic, or ionic systems where association becomes more prevelant. 9, 18 The phase boundaries in the inset to Fig. 1 exhibit a remarkable resemblence to the family of phase boundaries ͑bin-odals͒ observed in many associating fluids ͑see Fig. 1 The sticking energy ⌬h p for dipolar and charged particle fluids is proportional to the electrostatic energy for the interacting particles in their lowest energy "contact" position. 36 Since the electrostatic energy scales inversely to the static dielectric constant ⑀ of the medium, ⌬h p tends to be larger in the gas phase and in organic solvents where ⑀ is low. High values of ⌬h p can also arise for proteins and other large complex molecules that exhibit large dipole or charge induced interactions, despite the relatively high dielectric constant of water. 59 A large polarizability ͑as found in fullerenes and carbon nanotubes͒ should also lead to large values of ⌬h p and thus to a propensity towards particle association.
Analyses of experimental data have often been performed under the assumption that T p and T ⌽ are the same, 24 but this is not generally true 60 because of the highly rounded nature of the polymerization transition in the FA model and in the activation models with a large K a . The gap between T ⌽ and T p reflects the extent of transition rounding in these models. Comparison of our calculations for the FA model to the extensive simulation data for the SF provides an improved definition of the polymerization transition. Van Workum and Douglas 36 have found that estimates of the polymerization transition temperature, based on the temparature T ⌽ at which ⌽ exhibits an inflection point, yield a better description in terms of the reduced variables for the properties of the polymerizing SF ͑e.g., the average chain length͒ than those obtained by determinating the polymerization temperature as the temperature T p at which the specific heat has a maximum. Hence, the definition in terms of T ⌽ represents a better "physical" choice for ionic fluids.
C. Strong, weak, and intermediate coupling regimes of polymerization
A knowledge of the location of the polymerization transition line T ⌽ ͑ 1 o ͒ with respect to the phase boundaries governing phase separation is central to discussing the critical properties of associating fluids. When the polymerization temperature at the critical composition T ⌽ ͑ c ͒ lies well below T c , the critical behavior essentially reduces to that of an unassociated fluid, while when T ⌽ ͑ c ͒ is much greater than T c , the phase diagram should resemble that for a polymer solution. The strong coupling between polymerization and phase separation that occurs when T c Ӎ T ⌽ ͑ c ͒ can lead to the presence of multiple critical points under certain circumstances and to other complex critical behavior. o ͒ shift in relation to the phase boundaries ͑spin-odals͒ as h ⑀ is varied. When h ⑀ is small ͑e.g., h ⑀ = 1.0͒, the polymerization line lies below the critical point, but for a large h ⑀ ͑e.g., h ⑀ = 9.9͒, T ⌽ lies far above T c . Thus, an intermediate h ⑀ ͑h ⑀ Ӎ 4͒ exists where the polymerization line intersects the spinodal curve at the critical point. We term the associative interaction "strong" when h ⑀ ӷ 4 and "weak" when h ⑀ Ӷ 4. Equilibrium polymerization solutions only appear polymeric in nature when the associative interaction is relatively strong.
While the illustrative examples for the spinodals and polymerization lines in Figs. 1 and 2 
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ization. Examining the variation of critical properties ͑T c and c ͒ with h ⑀ is helpful for understanding the physical behavior of the scattering properties described below. Figure 3 presents the relative critical temperature T c,R as a function of h ⑀ for the FA, A 0 , and A 1 models. All curves for T c,R ͑h ⑀ ͒ in Fig. 3 exhibit two plateau regions in which T c,R is insensitive to h ⑀ , but the magnitude of the second plateau in the large h ⑀ limit varies significantly between the different polymerization models. ͑This second plateau reflects the average degree of polymerization at the critical point as shown below͒. In contrast to the A 0 and FA models where T c / T c,o approaches 4 at high h ⑀ , the limiting ratio saturates to a lower value for the A 1 model. The corresponding variation of the critical composition c with h ⑀ is illustrated in Fig. 4 . Apart from a regime of small h ⑀ where c is insensitive to h ⑀ or the intermediate interaction regime where c grows in a nonmonotonic fashion, c decreases with h ⑀ and ultimately approaches zero ͑FA and A 0 models͒ or a constant between 0 and 0.5 ͑A 1 model͒. The tendency of the ratio T c / T c ͑h ⑀ =0͒ to saturate for large h ⑀ to values different than 4 and 0 is a direct consequence of the limited magnitude of L at low temperatures that emerges because of the low concentation of the nonactivated monomers that particiapte ͑in contrast to the activated ones͒ in the propagation processes. Figure 5 depicts how the average chain length L c at the critical point changes with h ⑀ for the same polymerization models, as analyzed in Figs. 3 and 4 . A large dimensionless interaction h ⑀ produces unlimited chain growth ͑i.e., very large L c ͒ for the FA and A 0 models, but causes only a limited polymerization ͑small L c ͒ for the A 1 model. In fact, the curves for L c ͑h ⑀ ͒ level off for rather low h ⑀ in the latter case, and a further increase of h ⑀ produces no change of L c .
D. Average degree of polymerization L c at the critical point
Knowledge of L c also enables determining the extent to which equilibrium polymer solutions resemble ordinary polymer solutions where the polymerization is frozen in. The inset to Fig. 5 demonstrates that the critical composition c for the FA model scales with L c as c ϳ L c −1/2 , consistent with the FH theory for monodisperse polymer solutions. This agreement suggests that we can predict some quantitative aspects of the critical properties of equilibrium polymer solutions from the FH theory for monodisperse polymer solutions under certain circumstances. We further explore the limitations of this formal correspondence below.
E. Critical scattering properties and the width of the critical region
In addition to asymmetric phase boundaries and the relatively high critical temperatures that are often found for associating fluids, the scattering properties of these fluids are also quite distinct from those exhibited by simple fluids. Perhaps the most common observation is that the correlation length amplitude o,c at the critical composition c ͓see Eq. ͑28͔͒ is often much larger ͑by an order of magnitude or more͒ than for simple liquids, and a similar trend is shared for the A 0 model.
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by the scattering intensities. Specifically, o is typically on the order of molecular dimensions ͑angstrom͒ in simple fluids, while o of associating fluids is often reported to be on the order of nanometers and thus greatly exceeds the size of individual molecules in the fluid. 10, 11, 16, 17, 19, 22 This nanoscale correlation length can naturally be understood to arise from the formation of dynamic clusters. In addition to the enhanced scattering characteristics, the larger scale of fluctuations, as set by o , leads to an increasingly broad temperature range in which mean field theory applies and to a narrower temperature range where Ising criticality is observed. ͑Essen-tially, the same phenomenon is responsible for the reduced size of the Ising critical region in binary polymer blends.
61,62 ͒ This reduction is quantified here by calculating the Ginzburg number Gi which specifies the reduced temperature range over which mean field theory and Ising scaling should apply. The determination of Gi requires the knowledge of the critical thermodynamic properties ͓T c ͑h ⑀ ͒, c ͑h ⑀ ͒, and L c ͑h ⑀ ͔͒, as well as the critical scattering properties ͓ o,c ͑h ⑀ ͒, ⌫ c ͑h ⑀ ͒, and c ͑h ⑀ ͔͒ that are described in the present section.
As shown in Fig. 6 , the critical amplitude ⌫ c for the structure factor S͑0͒ grows monotonically with h ⑀ ͑except for small h ⑀ where ⌫ c first decreases and achieves a minimum͒, and ⌫ c saturates to a limiting value ⌫ c = 1 for h ⑀ → ϱ. A faster saturation of ⌫ c appears for the A 0 model which generally exhibits a greater degree of polymerization and a sharper polymerization transition than the FA model. The variation in these scattering properties with increasing h ⑀ is expected since an increase of h ⑀ implies an increase in the degree of polymerization at the critical point.
F. Quartic coupling constant b for solutions of equlibrium polymers
The quartic coupling constant b is the only parameter required for the estimation of the width of the critical regime Gi that is not directly observable experimentally. The quantity b clearly depends on molecular size asymmetry as evidenced by the strong dependence of b on the polymerization index N in Eq. ͑44͒ for ordinary polymer solutions. Since strong directional interactions naturally lead to the formation of dynamic polymeric structures, we anticipate that b should also depend strongly on the dimensionless sticking interaction h ⑀ . Figure 7 shows that b varies nonmonotonically with h ⑀ for both the FA and A 0 models, and a precipitous jump and a more appreciable minimum appear for the latter case. The jump in b͑h ⑀ ͒ ͓and similarly a jump in ⌫ c ͑h ⑀ ͒ in 
‹ c
While the critical parameters a and b are independent of the effective monomer sizes in our polymerization models, both the square gradient coefficient c and the correlation length amplitude o,c are sensitive to these size parameters through their explicit dependence of on the radii of gyration R g,i of the individual i-mers in the system. Consequently, calculations of c and o,c are performed for both Gaussian chains and for a family of wormlike chain models in which stiffness is tuned by choosing the fixed bond angle between successive bonds in the chain. Figures 9͑a͒ and 9͑b͒ present the square gradient coefficient c ͓normalized by c ͑h ⑀ =0͒ for the correponding unpolymerized system͔ as a function of h ⑀ for the FA and A 0 models, respectively. In the former case, c monotonically increases with h ⑀ , apart from the weak coupling regime where c is insensitive to h ⑀ . A similar behavior has been noted before for T c and c and simply arises from the relatively low average degree of polymerization in this regime of low h ⑀ . However, a qualitatively different variation of c with h ⑀ is found for the A 0 model where c exhibits a precipitous jump, followed by a shallow minimum, and then monotonic growth for large h ⑀ . This jump in c ͑h ⑀ ͒ appears due to the jump of the critical composition c with h ⑀ for the A 0 model ͑see Fig. 4͒ . For both polymerization models, a larger bond angle in the wormlike chains leads generally to higher c . Figures 10͑a͒ and 10͑b͒ 
144906-13
H. Width of the critical regime of equlibrium polymerization solutions
Having determined the critical equilibrium and scattering properties for our models of equilibrium polymer solutions, we now estimate how these properties affect the width of the Ising critical regime, and we check whether these calculations can explain the low experimental values of Gi ഛ 10 −4 for nonaqueous ionic fluids. 63 A low Gi of this magnitude implies that the fluid is "effectively mean field" in character because of current limitations on the control of temperature, the influence of gravitational effects, and other complications that obviate measurements at smaller reduced temperatures . All previous attempts to elucidate the origin of these small Gi values in ionic fluids have been "unconvincing." 63 Since equilibrium polymerization is prevalent in ionic fluids, 31, 32 these issues can be addressed from a qualitative standpoint here by using the equilibrium polymerization theory.
Figures 11͑a͒ and 11͑b͒ present the Ginzburg number Gi ͑normalized by Gi for a binary mixture of small molecules͒ as a function of h ⑀ . The circles refer to Gausssian chains, whereas the symbols ͑᭞, ᭝, and ᮀ͒ correspond to wormlike chains with bond angles = 90°, 120°, and 150°, respectively. The reduced Ginzburg number for freely associating polymer solutions drops from unity to small values where the rate of decline is weaker for Gaussain chains. To better appreciate the magnitude of Gi/ Gi͑h ⑀ =0͒, the inset presents the data in semilogarithm format. A similar behavior of Gi for solutions of semiflexible polymers emerges for the A 0 model where Gi/ Gi͑h ⑀ =0͒ decreases precipitously from unity to small values ͓delineated in the inset to Fig. 11͑b͔͒ as h ⑀ increases. A shallow local maximum occurs in a region of intermediate h ⑀ . All polymerization models in the strong coupling regime exhibit a monotonic decrease in Gi/ Gi͑h ⑀ =0͒, and this ratio becomes on the order of 10 −3 -10 −6 ͑depending on the angle ͒ for h ⑀ Ӎ 35. Thus, the formation of long chains, due to a strong associative interaction ⌬h p relative to the van der Waals interaction, leads to a generic tendency for the critical regime to become small and ultimately unobservable for large h ⑀ . Variation of chain stiffness ͑persistence length͒ of the self-assembled polymers strongly affects the rate of decrease of Gi, however. 
V. CONCLUSIONS
We systematically explore how polymerization affects the scattering properties of a fluid exhibiting equilibrium aggregation. Composition fluctuations associated with phase separation are superimposed on the dynamic clustering, and the coupling between polymerization and phase transition modifies the width of the critical regime, an important feature of many complex fluids ͑ionic fluids, microemulsions, micellular fluids, and polar liquids, and protein solutions͒ where particle clustering is prevalent. In particular, we calculate the scattering length and correlation length of a polymerizing liquid by using the random phase approximation. The scattering length is then employed to evaluate the Ginzburg number Gi describing how the thermodynamic and scattering properties influence the width of the Ising critical regime for phase separation. The polymerization models considered include the idealized freely associating ͑FA͒ model in which chain segments can associate to form chains at equilibrium without constraints and an activated polymerization model A͑ , ͒ where chain polymerization is initiated by an activated process as in the polymerization of sulfur. The living polymerization system ͑chemically activated equilibrium polymerization͒ is not considered since the thermodynamic properties for this case are quite similar to those for activated polymerization where the initiator concentration plays a role analogous to the eqilibrium constant for activation in the A model.
Our calculations indicate that both the scale and intensity S͑0͒ for compositional fluctuations become enhanced by polymerization, and the shape of the phase boundaries approaches those of increasing molecular mass polymer solutions as the association enthalpy ⌬h p for polymerization increases relative to the strength ⑀ FH of the van der Waals interactions. This increase of the correlation amplitude o with h ⑀ ϵ͉͑⌬h p ͉ / R͒ / ͑2⑀ FH ͒ is also reflected in an increase of the average chain length and the chain radius of gyration at the critical point. These quantities are found to vary over one to two orders of magnitude, depending on the sticking interaction h ⑀ , so that the scale and intensity of composition fluctuations can be much larger in these complex fluids than in simple nonassociating fluids. Our calculations for the width of the critical regime ͑Gi͒ use this scattering information and indicate the general approach to a vanishingly small temperature range of Ising criticality for a large h ⑀ . However, the approach to this limiting behavior can be nonmonotonic and sensitive to the polymerization model.
Although the present paper does not describe the Ising critical regime where mean field theory breaks down, the properties calculated are required for a generalized crossover treatment of both the mean field and Ising critical regimes. [27] [28] [29] In particular, careful studies of the criticality of ordinary polymer solutions indicate that a sharp change in the scattering properties occurs when the correlation length for the composition fluctuations becomes larger than ͗R g 2 /3͘ 1/2 , and the "mesoscopic characteristic scale" o of the theory has been clearly identified with ͗R g 2 /3͘ 1/2 . The same correspondence o ↔ ͗R g 2 /3͘ 1/2 makes sense for associating fluids and allows us to predict critical properties over the entire accessible temperature range. While a treatment of the Ising and crossover regimes is beyond the scope of the present paper, our theory has conceptual value for understanding the emergence of these new characteristic scales that have been observed for a range of important complex fluids ͑nonaqueous ionic fluids, 64 metal ammonium salt mixtures, 10,11 etc. 13-15 ͒. Our illustrative calculations qualitatively accord with numerous observations for complex fluids for which large scale correlation length amplitudes and narrow regimes of Ising criticality have been observed. The calculations thus provide a natural framework for interpreting these observations and for determining the interaction parameters describing particle self-assembly processes that compete with phase separation.
Although substantial fragmentary data are available for the critical properties of associating fluids and although these data qualitatively accord with our model calculations, currently only limited data are suitable for quantitative comparison. Appropriate experimental systems for such a comparison must clearly conform to equilibrium polymerization systems and should simultaneously undergo phase separation in experimentally accessible temperature ranges. Systems of this kind would include living polymer systems, 65, 66 such as sulfur, 67 and perhaps wormlike micelle solutions. Experimental studies of these systems are much more difficult than those of ordinary critical fluids because the polymerization transition lines must be determined relative to the phase boundaries for phase separation. Studies of even the polymerization transition lines for equilibrium polymerizing fluids are still rather limited. [55] [56] [57] 65, 66 Recently, we have established that equilibrium polymerization theory provides a good description of the critical temperatures and compositions of the Stockmayer fluid model of dipolar fluids. The polymerization transition lines from computer simulations for this system conform remarkably well to those derived from the FA model. 36, 68 In order to extend this comparison to include the scattering properties, it is necessary to generate new simulations focusing on the scattering properties of these systems and to employ improved sampling methods as used in recent estimates of the polymerization transition lines. 36 These simulations are currently in progress. 69 We also plan to extend our equilibrium polymerization model of the Stockmayer fluid to describe recent simulations for the restrictive primitive model ͑charged hard sphere fluids with equal numbers of positive and negative ions͒, generalized to include van der Waals interactions. 70 The development of a fully quantitative theory for the critical properties of associating fluids evidently requires significant further analytic, simulation, and experimental studies.
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APPENDIX A: WORMLIKE CHAIN MODEL
The wormlike chain is defined as the limiting continuous chain generated from a discrete chain composed of n b freely Lattice model of equilibrium polymerization. V J. Chem. Phys. 124, 144906 ͑2006͒ rotating bonds of length l b and fixed bond angle by imposing the limits l b → 0 and → , while keeping both l b / ͑1 + cos ͒ϵ͑2͒ −1 and n b l b ϵ L w constant. The length ͑2͒ −1 is termed the persistence length. The radius of gyration R g,i=1 for a ͑structured͒ monomer is estimated by using simple physical arguments ͑see Sec. III͒ as
͑A1͒
In order to determine the bond length l b in the most consistent way, we invoke the general definition of R g,i 2 , 71,72
where i is the number of monomers in the chain, j and k label a pair of monomers, and R jk is their separation. Using this definition to evaluate R g,i=2 yields The radii of gyration R g,i * = R g,i / a cell of the wormlike i-mer chains ͑i ജ 3͒ can be computed by approximating the sums in Eq. ͑A2͒ by integrals. Equation ͑A9͒ applies to both the FA and A models, but in the former case, the concentration 1 * of activated monomers is set to zero in Eq. ͑A9͒. The value c * of * at the critical point emerges from Eq. ͑A9͒ when the sums s j ͑j =0−4͒ are evaluated for the critical parameters 1,c , 1,c * , c , and T c .
